MAS348

SCHOOL OF MATHEMATICS AND STATISTICS
Game Theory

Spring Semester
2013–2014
2 hours and 30 minutes

Attempt all the questions. The allo ation of marks is shown in bra kets.
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(i)

Two andidates A and B run for o e in an ele tion where an odd number
of voters must vote for one or the other (abstentions are not allowed).
Ea h voter is a supporter of exa tly one of the andidates, and they assign
higher utility to the vi tory of their andidate than to the vi tory of the
other andidate.
(a) Des ribe this situation as a game in strategi form.
(6 marks)
(b)

(ii)

Find the produ tion prole whi h is a Nash-equilibrium.

(4 marks)

Ali e and Bob play a game given in strategi form as follows:
L
M
R
u 0, 1 1, 5 2, 2
m 2, 5 5, 4 4, 9
d 3, 0 7, 4 8, 3
Solve this game.
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(5 marks)

Suppose that two rms produ e similar but not identi al produ ts, and
that the unit osts of these produ ts are £4 for rm 1 and £6 for rm 2.
The pri es of ea h of these two produ ts depend on the produ tion prole
(q1 , q2 ) of both produ ts: p1 = 20 − 3q1 − 4q2 and p2 = 30 − 4q1 − 5q2 .
Assume that ea h rm i ontrols its produ tion prole qi .
(a) Find ea h ompany's produ tion whi h is the best response to the
other ompany's produ tion.
(6 marks)
(b)

(iii)

Find all pure-strategy Nash-equilibria of this game.

(4 marks)

1

Turn Over

MAS348
2

(i)

Consider a nite, two-player, zero-sum game (S, T, u). Show that
min max u(s, t) ≥ max min u(s, t).
t∈T

s∈S

s∈S

t∈T

(5 marks)

(ii)

A nite zero-sum game G = (S, T, u) is symmetri if S = T and for all
s1 , s2 ∈ S , u(s2 , s1 ) = −u(s1 , s2 ). Let A = (u(i, j)) be the matrix asso iated
with a symmetri game G = ({1, . . . , n}, {1, . . . , n}, u).
(a) Show that the value V of a symmetri game is zero.
(5 marks)
(b)
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Show that an optimal strategy for one player is also an optimal
strategy for the other player.
(5 marks)

(iii)

Consider the following zero-sum game given in tabular form
A B C
I 0 -2 2
II 2 0 -3
III -2 3 0
Find an optimal mixed-strategy prole for this game where ea h
strategy in ludes all pure strategies with positive probability. (8 marks)

(iv)

Must all optimal mixed-strategy proles of nite, symmetri , zero-sum
games be of the form (p, p)? Justify your answer.
(2 marks)

(i)

Country A will either atta k ountry B or not atta k it. If A atta ks, B an
ght, resulting in payos of −1 for both, or retreat, resulting in a payo of
5 to A and −3 to B. If A does not atta k, B will either atta k, resulting in
a payo of 2 to B and −2 to A, or B will not atta k, resulting in a payo
of 10 to both.
(a) Des ribe this game using a tree, arefully labelling all its omponents.
(5 marks)

(ii)
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(b)

Find all subgame perfe t Nash-equilibria of the game. (5 marks)

()

Des ribe the game in strategi form.

(d)

Find a pure-strategy Nash-equilibrium of this game whi h is not
subgame perfe t.
(5 marks)

(5 marks)

Consider a game identi al to hess, ex ept that
• ea h player may hoose to pass and not make a move when it is their
turn, and
• the game ends with a draw after two onse utive passes.
Prove that white (who is the rst player to move) has a strategy that
guarantees vi tory or a draw.
(5 marks)
2
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(i)

Consider a 2-player game given in strategi form as (S, T, u1 , u2).
(a) Dene the minimax values of both players.
(2 marks)
(b)

Dene the ooperative payo region of the game.

()

Find the minimax values and sket h the ooperative payo region of
the following 2-person game G given in tabular form as follows
A
B
I 1, -1 1, 0
II 3, 3 -2, 1

(2 marks)

(4 marks)

(ii)

(d)

Show that the point (2, 2) is in the ooperative payo region of G
by writing it as a onvex ombination of payos.
(2 marks)

(e)

Consider now the game G∞ whi h onsists of playing G repeatedly,
and where the payos of the innite game are the average payos of
the individual mat hes. Des ribe, without proof, a Nash-equilibrium
whi h results in average payo of 2 for both players. (6 marks)

Ali e wants to buy a diamond from Bob. The value of the diamond is
¿1000k for an integer 1 ≤ k ≤ 10; this value is known to Bob but not to
Ali e, and Ali e assumes that all values are equally probable. Ali e, who
is a talented jeweller, knows that her labour an triple the value of the
diamond. Bob asks Ali e to submit a bid of an integer multiple of ¿1000
for the diamond. Assume that Bob a epts a bid if and only if it is stri tly
higher than the value of the diamond, and assume that Ali e knows this.
(a) Model this as a Bayesian game.
(5 marks)
(b)

Find all Bayes-Nash-equilibria of this game.

End of Question Paper
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(4 marks)

